We denote by L the sei of equivalence classes of real-valued measurable functions on a fixed measure space (JT, 27, μ). L is an algebra with unit and a vector lattice with respect to almost everywhere pointwise operations. A linear operator T mapping a subspace M of L into another subspace N of L will be called diagonal if there is a locally measurable real-valued function g on X such that Tf = gf for every f in M. In this paper we deal with locally convex sublattices of L and diagonal operators between them. In § 2 we discuss another class of examples of locally convex L°°-modules, namely the K the spaces and some of their properties which will be needed later on.
§ 1. Introduction
We denote by L the sei of equivalence classes of real-valued measurable functions on a fixed measure space (JT, 27, μ). L is an algebra with unit and a vector lattice with respect to almost everywhere pointwise operations. A linear operator T mapping a subspace M of L into another subspace N of L will be called diagonal if there is a locally measurable real-valued function g on X such that Tf = gf for every f in M. In this paper we deal with locally convex sublattices of L and diagonal operators between them.
The space of essentially bounded real-valued functions L 00 = L 00 (μ) is a normed subalgebra of L and L is a module overL°°with respect to almost everywhere pointwise multiplication. A subspace M of L is a solid sublattice of L if and only if M is an L°°-submodule of L [4] , For this it is sufficient to observe that if | g \ ^ | f , then the function gif, defined by (gif) (x) = g(x)lf(x) if g(x) φ 0 and zero otherwise, is an element of L 00 (μ). We will call an L°°-submodule M of L a locally convex L™-module if M is a locally convex vector space whose topology is given by a family of seminorms p satisfying p(af)^\\a\\"p(f), a 6 L 00 , ftM.
Such a seminorm is called a scalar L™-seminorm [7] . Since a scalarL°°-seminorm defined on a solid sublattice of L is a lattice seminorm and vice versa, M is a locally convex L°°-module if and only if it is a locally convex vector lattice and solid in L [4] , The normed spaces Ζ/ ρ (μ), l ^ p ^ σο, are examples of locally convex L°°-modules.
In § 2 we discuss another class of examples of locally convex L°°-modules, namely the K the spaces and some of their properties which will be needed later on.
In § 3 we discuss the continuous L°°-linear operators on locally convex L^-modules. A diagonal operator is certainly Z/°°-linear. Under certain assumptions we prove that the converse is also true. Further we construct a positive projection of a certain space of continuous linear operators onto the space of continuous Z/°°-linear operators. Under some additional assumptions this projection takes nuclear operators onto nuclear L°°-linear operators.
In § 4 we characterize diagonal and nuclear diagonal operators on ZAspaces.
The authors would like to express their gratitude to the Scientific and Technical Research Gouncil of Turkey for their support. § 2. K the Spaces Dieudonne has generalized some results of K the on sequence spaces to certain spaces of measurable functions, which he called K the spaces [2] . Here we will follow the approach of Weiland [12] .
Let (.X, 27, μ) be a cr-finite measure space and X x c X 2 c X 3 <c · · · be a sequence of measurable subsets of X each of finite measure and whose union covers X. A realvalued function f on X is called locally-integrable if
Pn(f) = f\f\dμ<oo
x n for every n = l, 2, . . . On the set Ω of equivalence classes of locally integrable functions the seminorms p n define a locally convex topology. The topological dual of Ω is the space Φ of equivalence classes of essentially bounded functions on X which vanish outside of some X n . If μ is a finite measure, then Ω = Ι^ι(μ) and Φ = L 00 (μ). If Γ is a non-empty subset of , the K the space defined by Γ is
We have Φ < Λ <c Ω and Λ is an L°°-submodule of L. The oc-dual of Λ is the K the space defined by Λ and it is denoted by Λ*. A K the space Λ and its <x-dual Λ* can be put in duality by the bilinear form
If κ is a set of weakly bounded, solid subsets of /l* whose union covers /!*, then the topology on Λ defined by the scalar L 00 -seminorms
is called a K the topology on Λ. The normal topology on Λ is defined by the seminorms and it is the weakest K the topology on Λ. A K the space equipped with a K the topology is a complete locally convex L°°-module which is moreover order complete [12] .
If A is a subset of L we denote by A + the non-negative elements of A.
A locally convex L°°-module M is said to have the dominated convergence property if for every sequence (f n ) in L with | f n \ <^ g for some g in M and lim f n (
The following result is essentially known: 
Eemark 1.
If Γ is a K the topology we have /t* < Λ (T)' in general. However, the normal topology on any K the space Λ is compatible with the duality (A, A*).
We consider the following condition on a locally convex L°°-module M, which will be needed in the next section.
(A) For every f € M+ there is an increasing sequence (S n ) of positive simple functions of bounded support such that S n (x) f f(x) on X and lim S n = f in M.
The Danach spaces Ε ρ (μ), l <Ξ p < <x>, satisfy this condition.
Proposition 2. If a K the space A ( T) has the dominated convergence property, then it satisfies (A).
Proof. Since μ is σ-finite, we can find a sequence of sets of finite measure A n which 00 are pairwise disjoint and X = U A n . Let f£A + , F n = f~l[n, oo) and f n = fx A where χ Α is the characteristic function of the set A n . For each positive integer n we construct in the usual way an increasing sequence (S ntk ) of positive simple functions which converges to f n pointwise. Since A n is of finite measure, S Htk has bounded support. From the con- 
and so Γ+ (af ) = a T + (f). Now let a€(L 00 )+. Then for every ε > 0, a + ε is an invertible element of (L°°) + , therefore
Given a continuous lattice seminorm p' on N, we can find a continuous lattice seimnorm
Proposition 3. In each of the following two cases every element of ^ ^ (M, 7V) is a diagonal operator.
(i) M satisfies (A) and for every set offinite measure B, χ Β belongs to M.
(ii) M is a K the space with the dominated convergence property.
Proof. It is sufficient to consider T € 2tf"(M, N)
+ .
(i) For every sei of finite measure 4, we let g A = Τ(χ Α ). If B is another set of finite measure, then
and hence
Since (L 1 )' -L 00 , the measure μ is localizable ( [13] , Theorem 4, p. 364). Therefore, there exists a function g defined on the whole of X such that gx A = g A for every set of finite measure A ( [13] , Theorem 2, p. 264). g is locally measurable.
Let S be the set of positive simple functions of bounded support. Each s 6 S can be n written uniquely in the form s = £ <χ ί χ Α , with <x i > 0, distinct, and 0 < μ (Α^ < σο.
Then from the definition of g, we have
For /"€ M + we choose a sequence (s n ) in 5 with s n (#) t f(x) and lim s w = fin M by condition (A). By continuity of T and (3. 3) we have
Further (gs n ) (x) t (gf) (x).
Sinee the support of f is <r-finite and g is locally measurable, gf is measurable. Therefore the supremum of gs n in 7V is gf and g/ 1 5S Tf, since T 1 Ξ> Ο. 
Eemark 2. The hypothesis of the proposition is satisfied by
L p fa), l <Ξ p < oo. If T '.L™-* N is L 00 -linear then, since T(f) = fT(l), T is also diagonal.
Proposition 4. There exists a projection P of 3? (M, N) onto J^^(M^N) with

O^P^I.
Proof. We denote by / w the set of idempotents in L 00 . Non-negative finite linear combinations of I m are dense in (L°°) + . If χ € /^, then χ' = l -#6 / ω . We will construct the projection P in successive steps.
Let T € i? and f € Af + . We define an element of N + by
(T) (f) + P (T) (g) ^ P (T) (f + g).
If *1, #2 ^ JOD and figt M+ >
We haVe
P(T)(f+g)^ χι χ 2 T( XlX2 (f + g)} + (χ,χ,γ T(( XlX2 Y(f + g)).
Since T(xf) <Ξ T(f) for χ 6 /^, multiplying each side by χ λ χ^ gives *ι*2^(Γ) (f + g) ^ XiX*{T(xJ) + T( X2 g)}.
Hence we have the following inequalities also:
Adding these and using the linearity of T we get
P(T) (f+g)^ { Xl T( Xl f) + Therefore
Combining this with (3. 5) gives (3.6)
P(T)(f + g)
Tf χ£ l x and f£M
From (3. 6) and (3. 7) we obtain
Multiplying by χ and using (3. 7) again gives (3.8)
For f£M, we define P
(T) -P (T) (f + ) -P (T) (f~).
In fact if f =Λ~ Α» Λ, f^ M +, from (3. 6) it follows that (3. 9)
P (T) (f) --= P (T) (A) -P (T) (A).
Hence P (T) is a positive linear operator from M into 7V.
If jf € M + and g is a lattice seminorm on N, we have
From this and from | P(f) (f) \ ^ P (T 1 ) (| f |), f^ M, it follows that P(r)iscontinuous. Further, we have from (3. 8), (3. 9) and continuity of P (T)
+ . If 5, T$.<$ and f€ M + , proceeding s in the proof of (3. 5) and (3. 6) we obtain (3. 10) 
P (S + T) = P (S) + P(T).
If T € &(M, N) can be written in the form T = T l -T 2 with 7\, T 2 € #, we can now define without ambiguity P (T) = P(TJ -P(T 2 ). Thus
. ). Since M' is also a Banach lattice with the dual norm, every nuclear operator T : M -> N can be written s the difference of two positive nuclear operators 7\, T 2 with r (T,) ^ 2r(3T) + ε (i = l, 2) ([8], p. 177). If T$JT(M, N)
+ , then Ο <ί -Ρ(Γ) 5Ξ T where P is the projection defined in Proposition 4. Therefore, if /" € Jf, we have
i! P(T] (f) II rg l! />(Γ) (D I I + II W) (Γ) II ^ I|7Y
+ II + I I ζγ-II ^ 2 || T \\ \\ f ||.
Hence || P (T) \\ ^ 2 || Γ || for every T W(M, N) + . If Γ€^(Μ, 7V) let T = T 1 -T 2 , T^ T^Jf(M,N) + with Γ(Γ,) <2r(T) + fi, (i -l, 2). Since ||Γ||^Γ(Γ) we get II P (T) H ^ 2(11 T 1 H + H T 2 |) <S 8r(T) + 4ε for every ε ^ 0. Then the restriction of P to ^ (M, N) is continuous where on Jf(M, N)
we have the nuclear norm and on 3f? oo (M, 7V) the usual operator norm. This will be used in the proof of the next proposition. N) we denote the operator defined by u ® g(f) = u(f)g for every f€ M. Then P(aw ®g) = P(u ® a^) for every α ζ L 00 . To see this: let w, g and a be positive. Further let a~l C L 00 exist. Then, for each ftM + ,
Eemark 5. If u£M' and g£N, by u ®g £«/T(M,
P(au®g) (f) = A{(au) ( x f) x g + (au) (x'f) X 'g} u( X 'af) X 'g}
On the other band, for any χ € / TO ,
P(u ® ag) (f) ^ a{u(zf) xg + u( X 'f) X 'g}.
Therefore cT 1 ?^® ag) (f) <Ξ P (u ® g) (/")· So
P(u ® ag) (f) ^ aP(u®g) (f) = aP(u® a-^agfitf) ^ P (u ® ag) (f).
Hence P(au ® g) = P(u <g> ag). In case a £ (L°°) + we have that Let Jf, 7V and Q denote normed L°°-modules. Then following Harte [4] and Rieffei [9] we define the normed L°°-tensor product of M and 7V s a Banach L°°-module P together with a bounded L°°-bilinear mapping π : M χ 7V -> P such that (i) the linear span of π is dense in P,
P ((a + ε) u ® g} = P (u <g>
(ii) (P, π) has the property: for every bounded L°°-bilinear mapping S : M χ 7V -> Q there is a bounded L 00 -linear mapping T : P-> Q such that S = T o n and || T \\ = \\ S \\.
Lei M (χ) N denote the projective tensor product of M and N s defined by Grothendieck [3] . Let K be the smallest closed subspace of M ® 7V containing all elements of the form The following special case of the theorem of u mixed identities" due to Harte ([4] , p. 124) and Rieffei ( [9] , p. 460) will be needed. Namely (M (g^TV)' is isomebrically isomorphic with Jf^fTIf, 7V') where the correspondence t *+ T is given by The set of products Tkf 7V being closed under addition implicit in the lemma is that every tensor of "finite rank" can be expressed s a tensor of "rank l" in the normed L 00 -tensor product (see Remark 6) . This will be a useful observation in the proof of proposition 7.
With (Χ, Σ, μ) and each real number s, we associate a weighted counting measure space (Ψ, Z", /?). Ψ is s defined before and We leave the proof until after Proposition 9 has been proved. Since μ 11ρ is locally measurable, I p is a diagonal map from Ζ/(μ) to L" 0 (μ) and || I p || iS 1. Then it follows from the properties of ρ ρ that | / p (f) | 5S ρ^(/) foreveryfiL 2 '^). We want to show that equality holds.
Let χ/, χ ά , x c be the characteristic functions of 6"(f), ^if^ and 6 r (f) c respectively. We check first that the right-hand side of (4. 6) is finite, llp+lfq < < 00.
A similar argument shows that the right hand side of (4. 5) converges to the right hand side of (4. 6 Proposition 7 and Proposition 9 are contained in [6] .
emark. Diagonal operators on Z p -spaces were characterized by Tong [11] . Crofts [1] considered diagonal operators on sequence spaces. 
